Miscellaneous Calculus Problems

(@) Let f(x) bea continuous real-valued functionon [0, 1]. Prove that
j“xf(sin x)dx =EJ”‘f (sinx)dx .
0 2J0

= XSinX

b) Evaluate —dx.
®) J’01+coszx

N 1
© Let g(x)= 00X . Showthaton [0,7], g'(x)=-—

V1+cosx +v1-cosx 2(1+sinx)
Hence, using (a) or otherwise, evaluate I;g(x)dx.

Prove that the nth derivative of the function y/x is

] 2 42 3 43 n Agn
() L y—xd—y+x dy X dy+...+(—1)"X—d Y| where y isany functionof x.
" dx n! dx

X 20 dx? 3 dx® n
Prove that dn{e J=(_n1+)1 (n!—jX t”e’tdt) :
dx" | x X 0
. .2 . (n-1
(@) Show that smzsm—n...smu=i.
n n n 2"t
. nl2 . T
(b) Hence or otherwise show that J'O Insinxdx=——In2.

n-1,
(a) Prove that az”—1:(a2—l)1‘[(1—2acosr—n+a2j.
n

r=1

. n Ina® ,a’>1
(b) Hence or otherwise show that JO In(l— 2aCcosX + az)dx = {n

0 ,a’<«1
(a) Evaluate (i) J‘xf"(x)dx (ii) J'f'(zx)dx
(b) In each of the following cases, find f(x) :
(i) f'(x2)=l (x> 0) (i) f'sin’x)=cos’x (i) f'(Inx)={1 HSX=d and (0) = 0.
X X Jl<X<+ow

Estimate the values of the following integrals using the second mean-value theorem:

@ jgd—x (b) j’;M V1+sin* 6do © [ _xdx

4 (2+&)2 w13 1+ cos? X

1
(d) IO/Z X+/sin xdx (e J-: x4e~*dx

Forany real number p>1 and q>1,define B(p,q)= I: XPHL-x)" dx .

(@) Showthat B(p,q)=B(q,p).



10.

11.

12.

(b) Show that
g-1

(i) if p=1 and q=2,then B(p,q)=

1B(IO,Q—1) :

(i) if p=2 and q=1,then B(p,q)=

p-1
+

1B(IO—1,0|) :

(c) Showthat if p>1 and g>1,and p>m>0, then J; x"l(l—xm)“dx=iB(—,q.
m m

Let a, b bereal numberssuchthat a<b andlet m,n be positive integers.
(@) Ifforallreal numbers x,u, [L+u)x—(au+b)J™ = T A QU ....(*)
k=0

Show that A, (x) =C*"(x —a)*(x—b)™"™* for k=0,1, ..., mn,

m+n

where C™" s the coefficient of t“ in the expansion of (1 +t)™".
(b) By integrating both sides of (*) with respectto X, or otherwise, calculate
jb (X —a)™ (x - b)" dx
(c) By differentiating both sides of (*) with respectto x, or otherwise, find

r

{(x—a)"(x-b)"} at x=a,where r isa positive integer.

dx’
The function f(x) is periodic with period = and is integrable over the closed interval [0, «t] .

Prove that DT e f(x)dx =e ™[ e ™f(x)dx  and deduce that

nn

ean
e -1

j: ef (x) dx = J' 0 ef (x) dx .

Itis giventhat f(x) is continuous and positive forall x,and vy isdefined by the equation

a+J.th(t)dt
:OX— ,where a and b are constants.
b+.[0f(t)dt
If j—y:O when x=X and y=Y, showthat X=Y.
X

Prove that jb £,(0F, (%) dxs\/ [ b [, 0 dx \/jb [, ) dx

(Hint: Consider jb [f,(x) — tf, () dx >0 )

1
Prove that 2e * < [2e**dx < 2e? .



13. Thefunctions F:R—>R and G:R—>R aredefined by

14.

15.

sino
x% +2xcosa +1

sino
X2 +2xcosa +1

Fla) = [, dx, G(a)=[;

(@) Showthat F(nx) and G(nz) are zero forany integer n,thatboth F and G are periodic and
that both F and G are odd functions.

(b) Showthat F(a)= tan‘l(cot %) + tan‘{tan %j and deduce the values of F(a) for O<a<m

and -t<a<O0.

(c) Showthat G(a)= tanl(cot%) —tan(cota) and deduce the values of G(a) for O<oa<n

and -t<a<0.

(d) Sketch on separate diagrams the graphs of F(a) and G(a) for -2n<a<3rm.

@ dt )

Define Inx" :I — ,for x>0, usethe substitution t=u" toprovethat Inx"=ninx.
I |

. 1 .
By considering the area under the graph of y=— from t=1 to t=1+ X, orotherwise, show that,
t

X 1
for x>0, 1_ <In(l+x)<x anddeduce that,as x decreasesto zero, —In(1+x) tendsto 1.
+ X X

1
A periodic function is defined by F(x)= ;In(1+ X) for 0<x=<1

f(x +1) =f(x) ,forall x

Sketch the graph  y=1f(x) forvaluesof x from -2 to 2.

. . 1 . . 1 ¢ d 1
(a) With the aid of a sketch of y=— , or otherwise , explain why =< 1—X<—1 and
X roJrix r-
11 1 ¢nd 11 1
—+—+...+—<I —X<1+—+—+...+— where r,neN\{1}.
2 3 n J1x 2 3 n-1
r 1 1 1 .
(b) Deduce from (a) that O<In—1——<—1—— and hence, or otherwise, show that
r-1 r r-1 r
2n l l
0<In2-» =<—
r:n+1r 2n
(c If 1+1+1+...+£:an , Show that 1—l+l—£+...+ 1 —izaZn—anzzzn 1
2 3 n 2 3 4 2n-1 2n et T
. 1 1 1
and deduce that the series 1_E+§_Z+m convergesto In2.



16.

17.

18.

(@) Show that, forall t>0,x >0, the gradient of the graph of y= it is negative and increases steadily
X

as X increases. Use sketches showing appropriate points of this graph to illustrate the inequalities.

r+ 1
Q) Il idx<1 i+;t and ) [ itdx>it which hold for t>0,r>1.
rox 2Lt (r+1) X r
(b) Forall t>0,Gy(t) is defined by Gn(t):1+%+3—1t+...+%—j1” %dx.

By taking each of the inequalities (1), (2) for suitable integer values of r and combining them,

1 1 1 1 n+ 1
deduce that, forall t>0, E+F<G”(t)<h’2 7dx+j n}/z Fdx .

. 11 . . mnh o 1 1
(c) Write down the value of J- \ —dx if t=1 andexplainwhy '[ % —dx <F if t>0.
vz x noooX n

(d) Deducethat, if t>0, t=1 |, %glimGn(t)sL—lt(l—%ﬂ and hence find the value of

Iim[limGn(t)]. Using the definition of G,(t) or otherwise show that Iim[limGn(t)] also exists,

t—0" " n—wo n—wo=t—»0"

but has a different value from the previous double limit.

Suppose T is atwice differentiable function with f"”(x)<0 forall x>0.
Showthatif O<a<b then f(ra+(1l-A)b)>Af@)+(1-A)f(b) forall 1>A>0.

By induction or otherwise deduce that if a;, a, ...,a,>0 then f(EZaijzlzf(ai) :
n4

i=1
1 n n 1/n
Setting f(x) =Inx deduce that —Zaiz(r{ai) .
n‘s i=

(Hint: Consider g(A)=f(xa+(1-2)b)—-Af(a)—(L-A)f(b) asafunctionof A.)

(@) Provethatif f(x)=x —%ESSing—sin xj ,

then f'(x) = ksin* % where K is a constant.

. 32 . . X 32(xY\
(b) Henceshowthanifx>0, —sin>—<f(X)<—|—| .
15 4 15\ 4

(c) Evaluate f[%j in surd form, and use (b) to prove that 4(\/5 —«/E) —1 is an approximation of .
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21.

. L . iy . . - n+1+x)"™ .
If n isapositive integerand X is a positive variable, show by differentiation that g isan

(n+x)"
X n X n+l
increasing function of x. Hence deduce that (1+—) < (l+—J .
n n+

If n isapositive integerand X is a positive variable smaller than n, determine which of the two

n n+l
. X X )
expressions (1——} and (1——) is greater .
n n+1

n

In the following we shall denote the n-th  derivative ofafunction f by f®™anddefine f@=f.

dx"
(@) Provethat (fxg)P=FfOxg®+fBxg®,

(b) Provethat (fxg)™ =Z CMf g™ | for any positive integer n, where

_n(n=1..(n—r+1)
- r(r-1)..2.1

cr Cl=1.

2
(c) Showthatif y=Tf(x) satisfiesthe equation (x*+1 a9y + xﬂ -m?y=0 ,where m isa positive
2

dx dx
integer, then  (x? +1)y™? +(2n +1)xy™ + (n2 —=m?)y™ =0 , for any positive integer n.
g'(x) _ (Zm+1)x

(d) Hence show thatif g(x)=f™3(x), then
g(x) x?+1

and consequently

C
g(x) =T for some constant C.
(x? +1)

Let I = L where n is any non-negative integer.

RV 0)"

+ C0S
(a) Express jﬂ interms of Inand In-1, for any n > 0.
(2+cos0)"
2
(b) Express j% interms of In, In-1, and In-2, forany n> 1.
+ coS

(c) By using the results of (a) and (b), prove that, forany n > 1,
|- 1 |  sin®
" 3(n-1)| (2+cosH)""

—-(n-2)1,,+2(2n —3)Inl}

213 do

d) Hence evaluate _—
@ Iy (2 +cos6)?
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If f satisfies the functional equation f(xy) =f(x) + fly) ... (1)

forall x,y initsdomain. Showthatif f isasolutionof (1) andif f is differentiable ateach

x#0, then f‘(x)=ﬂ ,foreach x=0.
X

For any real numbers o <3, we denote

(o, B)={x:xeR and a<x<PB} , (r,o)={x:xeRand x>a}
(a) Defineafunction h(x) on (1,0) by h(x)=|i.
nx

(i) Showthat h(x) hasalocal minimumat x=e,

(i) Explainwhy h(x)>e forall X e(l,x).

b
(b) Let b>1.Show thatthe function f(x) :% , defined for x>1 isincreasing on (1%)
n

and decreasing on (L , ooj :
Inb

(c) Using (@) and (b),deducethatif 1<a<b<e,then a°<b®.

(n-1) ,

(@ (i) Forany x=>0,showthat (1+x)" >nTx for any positive integer n.

By putting x=%n -1 inthe above inequality, or otherwise, show that  lim¥/n =1 .

n—oo
n®+n+1
(ii) Evaluate the expression  limp———— =1 .
e\ n® 41

(b) Find the absolute maximum of the function f(x)=x"* on [1, ). Hence, or otherwise, find the

greatest value among the sequence {W} ,n=12, .. (Itisknownthat 2<e<3)
.1 . 1 N2 Ndy  dy L.
If y=sin"x+(sin"x)", prove that (1— X )d_z_ Xd_ is independent of x and deduce that, for
X X
n+2 n+l n
(1—x2)OI Y _x(n +l)oI Y _p28Y g
an+2 an+1 an

2r+l | 2
Show that the value —— when x=0 is iz{(zr)}
dX2r+1 2 r r!

n>1,



